
On how Descartes changed the meaning of the Phytagorean theorem

1. Euclid’s Elements proposition I.47 includes the ancient Greek version of the Pythagorean theo-
rem (PT), namely: In a right-angled triangle, the square on the side subtending the right-angle is
equal to the [sum of] squares on the sides surrounding the right-angle. While the interpolation “sum
of” characterizes modern translations, in the Greek mathematics, instead of reference to “sum of”
figures, there was rather a reference to figures themselves, like in the phrase: the square [...] is equal
to the squares (see [2] and [3]).

The proof of the proposition I.47 requires a theory of equal figures designed to compare non-
congruent figures. The theory starts with the proposition I.35 and culminates in the construction
of squaring a polygon, offered in the proposition II.14. As for its foundations, it builds on axioms
named Common Notions, and on the so called geometrical algebra, developed throughout Book
II. In modern mathematics, all these principles are covered by axioms for an ordered field. In [4]
Hilbert shows that Euclid’s theory of equal figures can be developed on a plane F× F, where F is
an order field (Archimedean or non-Archimedean) closed under the square root operation.

In sum, the Greek version of PT can be represented by the following scheme �,� = �, while
the underlying theory is that of equal figures.

2. In modern mathematics, PT is represented by the algebraic formula a2 + b2 = c2, where a, b, c
stand for real numbers that are measures (lengths) of sides of a right-angled triangle. In this case,
the underlying theory is the arithmetic of real numbers accompanied by a tacit assumption that
every segment is characterized by a real number; indeed, [4] provides hints how to prove that claim,
rather than a complete proof. That program is completed in [5].

3. We show that [1] includes a third version of PT that is in between the ancient and modern
one. While Descartes for the first time in the history applied the formula a2 + b2 = c2, with a, b, c
representing sides (line-segments) of a right-angled triangle, the underlying theory is the arithmetic
of segments rather than the arithmetic of real numbers.

Surely, Descartes provides no explicite discussion of that new version of PT, and the very
formula is applied implicitly, via references to diagrams.

We show that although Descartes’ development is founded on Euclid’s theory of similar fig-
ures (implicitly on the Archimedean axiom), when it comes to the field of segments it can be
characterized as a real closed field (Archimedean or non-Archimedean).

4. We discuss the question of unity of PT: on what grounds these three versions as developed
in three different mathematical settings, i.e. theory of equal figures, arithmetics of segments, and
arithmetic of real numbers, represent one and the same theorem. We argue that the implicit unity
rests on a diagram representing a right-angle triangle.
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